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SUMMARY 
The multi-component airfoil program 
!MCARF) for attached 
flow is modified to accept the free v
ortex sheet separation 
flow model of the AMI rLMAX program. T
he viscous effects are 
incorporated into the calculation by 
representing the boundary 
layer displacement thickness with an 
appropriate source distri-
bution. 
The separation flow model incorporate
d into MCARF has been 
applied to single component airfoils. 
Calculated pressure dis-
tributions for angles of attack up to
 the stall are in close 
agreement with experimental measurem
ents. Even at higher angles 
of attack beyond the stall, correct t
rends of separation, de-
crease in lift coefficients, and incr
ease in pitching moment 
coefficients are predicted. 
Although the program is designed to h
andle multi-component 
airfoils with separation at the trail
ing component only, multi-
component airfoils have not been check
ed out. It is suggested 
a better separation criterion such as
 the method of Nash and 
Hicks be incorporated into the model 
35 opposed to th9 present 
method of Truckenbrodt. 
i 
i TABLE OF CONTENTS 
,~ 
" ,.
, 
'. 
i 
~ r.. • ;: 
~ f . 
t 
i 
f.., 
f-
Ir. 
~ 
IE· 
!~ 
Section 
SUMMARY . . . . . . . . . . . . 
TABLE OF CONTENTS 
LIST OF FIGURES • • . . . . . . . 
1.0 INTRODUCTION •••• 
1 . 1 Background • • • • 
1.2 Present Approach 
. . . . 
2.0 NOMENCLATURE. . • • • • •••• 
. . . . 
3.0 DESCRIPTION OF,COMPUTATIONAL MODELS AND PROGRAMS 
3.1 Multi-Component Airfoil (MCARF) Program • 
3.1.1 Program operation and Capabilities •• 
3.1.2 Program Theory .••••••• 
3.2 CLMAX 
3.2.1 
3.2.2 
3.2.3 
Program • • • • • . . . . . 
Description of the Flow Model 
potential Flow Solution. •••• 
structure of the Iterative Procedure • 
4.0 MODIFICATION OF MCARF WITH SEPARATION FLOW MODEL 
(MCARFM) •••••••••••••••• 
4.1 
4.2 
4.3 
4.4 
Development of Se~aration Flow Model 
Potential Flow Solution • • . • • 
Structure of the Iterative Scheme • • 
· . . . 
· . . . 
4.3.1 
4.3.2 
Wake Shape Iteration . • • • • • 
Viscous/Potential Flow (Outer) 
Iteration •• • • • • • • • • • • 
Discussion of Some problems/Solutions · . . . 
5.0 DISCUSSION OF RESUL1:S 
6.0 CONCLUSIONS 
. . . . . . . . 
. . . . . . · . . . 
7.0 REFERENCES •••• · . . . 
APPENDIX: Program Parameters • . • • . • . • • • • • . 
ii 
._------------
Page No. , i 
i I· 
ii 
iii 
1 1 J 
! 
1 I 
2 11 ! 1 
3 
\ 1 4 
4 \ 4 
... 5 r 8 
8 \ 14 
16 1 I I 
I 
f 
19 1 
19 
20 
21 
22 
23 
25 
28 
35 
36 
37 
~T: .---,-,++-+--:,.--~---,--------------
_ ~,~~.~ • • _~~;~&~M __ -.<.-t~·~$~t(~'*"~' .f~t~;g.(~~.'wb.-~~·~·~_.-.. ~i.t.ns1I.' ....... 7 •• .,.r.·~;II.r." ...... ;I'.' ............... 
,.e 9"FA' 
LIST OF FIGURES 
Fig. No. 
Title 
page No. 
1 
2 
3 
4 
5 
6 
7 
Mathematical Flow Model . . . . . 
Initial Wake Geometry • • • • • 
vorticity Model for the potential Flow 
program outline . . . . . . . . . 
Inner (Wake) Iteration LooP 
Separated Wake Iteration 
. . . . . . 
. . . . 
. . 
. . . . 
Viscous/potential Flow Iteration Character-
. . . . . . . istics • • • • • • • • • • 
9 
12 
15 
17 
23 
24 
26 
8 comparison of Calculated and Experimental Pres-
sure Distribution on a GA(W)-l Airfoi11 29 
9 
10 
11 
12 
13 
14 
a = 19.06 0 ••••••••••••••• 
Comparison of Calculated and Experimental Pres-
sure Distribution on a GA(W)-l Airfoi11 
a = 20.05° .....•......... 
Comparison of Calculated and Experimental Pres-
sure Distribution on a GA(W)-l Airfoi11 
a = 21.14° .............. . 
Comparisons of Calculated and Experimental Lift 
and Pitching Moment Characteristics on a GA(W)-l 
Airfoi11 (Re = 6.3 x 106) ••••••••••• 
Comparisons of Calculated and Experimental LIft 
and pitching Moment. Characteristics on a GA (W)-l 
Airfoil (Re = 2.1 x 106) ••••••••••• 
Comparison of Calculated and Experimental Lift 
Characteristics on a NACA 4412 Airfoi11 
(Re = 6.3 x 106) •••••••••••• 
30 
31 
32 
33 
34 
Dependence of Wake Fineness Ratio, WF, on Airfoil 
Thickness/Chord Ratio . • • • • • • • • • 38 
iii 
\ , 
\ 
. . 
\ 
, 
~ 
. _____ T~~.~'~=-~~, __ .. ,_, ~~ •• ~.tM· .. ~·~r~.~~~ ........................ ~,J 
. , 
1.0 INTRODUCTION 
1.1 Background 
During the final design phase of an airfoil, it is 
essential to include the viscous ~s·well as separation ef-
fects at high angles of attack for the accurate evaluation of 
the aerodynamic performance. No general, mathematically 
closed form solution presently exists which describes the 
viSCCtlS separated flows around an airfoil. The av~ilability 
of hi~h-speed large capacity computers and the recent advanc~­
ments in the potential flow and boundary layer computations 
has enabled the'development of several computer programs 
which are based on iterative procedureg between the viscous/ 
potential flow solutions for attE.cheCl i,',r, '}Tell as separated 
flows. 
In Reference 1, a computerized analytical model which 
computes the performance characteristics of multi-element 
airfoils in subsonic, viscous flow has been developed under 
a NASA contract to the Lockheed-Georgia Company. The model 
computes the viscous pres' .. ure distributions, lifts, moments and 
local boundary layer properties on each element of an arbi-
trarily arranged slotted airfoil in attached flow. The final 
viscous solution is obtained by an iterative technique by 
successively combining the potential flow solution with 
boundary layer displacement thickness. The details of the 
model and the computer program (MCARF) are presented in the 
next section. 
Multi-component airfoils operating at high angles of 
attack will usually experience regions of trailing-edge sepa-
ration on the upper surfaces of one or more components. At 
low angles of attack, the cove regions of one or more com-
ponents may contain a closed separation bubble which can re-
duce the effectiveness of the downstream slot flow. In either 
situation, the performance of the system is reduced from that 
which would be expected with completely attached flow. In 
practice, some amount of separation is to be expected, and 
there is a need, therefore, for the capability to predict the 
performance of multi-component systems having regions of sepa-
rated flow. 
Until recently, our ability to model separation was 
limited to models that simulated separation by source distri-
butions employing the assumption that the pressure everywhere 
in the separated region is constant (Ref. 2). None of the 
methods calculate the pressue in the separation region directly, 
but rely on some criterion to determine the separated flow 
1 
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pressure level. In general, the methods predict the upstream 
pressure distributions in a satisfactory manner once a suit-
able source "outflow'! has been chosen. 
More recent approaches (Refs. 3 and 4) employ an inverse 
method to deterniine the effective airfoil shape to achieve 
constant pressure in the separated flow region. There is 
some question as to the uniqueness of the solutions obtained 
by this procedure. Since none of the methods use a physically 
realistic wake model, it is difficult to see their applica-
bility in the stall region where a direct analysis procedure 
for the prediction of aerodynamic characteristics of airfoils 
is desired. 
A procedure which does employ a realistic wake model for 
separated flow is described in Reference 5. This method, 
developed by Analytical Methods personnel, uses free vortex 
sheets to separate'the free stream fluid from the wake region 
(a region of lower total pressure). The strength of each vor-
tex sheet and its location are determined as part of the over-
all calculation. The procedure allows for a direct calculation 
of pressures in the separated flow region. The details of the 
analysis and the computer program (CLMAX) are presented in the 
next section. 
1.2 Present Approach 
The primary objective of the present work is to modify 
the MCARF program to accept the free vortex sheet separation 
model developed for the CLMAX program. The viscous effects 
are incorporated into the calculation by representing the 
boundary layer displacement thickness with an appropriate 
source distribution over the airfoil surface. This approach 
enabled incorporation of the separation wake model into MCARF 
with a minor modification to MCARF, since it does not change 
~he panel geometry of the airfoil surface. For the present 
study, the program is capable of analyzing a multi-component 
configuration with separation only on one of the components, 
presumably the trailing component. The effect of the sepa-
rated region will, of course, impact the flow around the 
other components. 
The inclusion of the separation model into MCARF involves 
the development of two iteration loops. The inner (wake) itera-
tion loop for the potential flow relaxes the wake shape for a 
prescr:bed separation position, while the outer (viscous/poten-
tial flow) iteration loop predicts the separation point loca-
tion and the displacement thickness distribution from the 
boundary layer analysis for each of the components. 
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2.0 
A 
IPOT 
ITR 
ITRW 
NOMENCLATURE 
Aerodynamic influence coefficient 
Chord length 
Pressure coefficient 
Lift coefficient 
Moment coefficient about the quarter-chord axis 
The value of the boundary layer shape factor at which 
the flow is assumed to separate 
Choice of potential flow index 
Viscous/potential flow iteration index 
Wake shape (inner) iteration index 
ITRWMX Maximum number of wake shape iterations 
K Kernel function 
N Number of panels 
s Coordinate along airfoil surface 
V Velocity 
WL Wake length 
WF Wake fineness ratio 
x,z Carte~ian coordinates 
a Angle of attack 
~ Stream function 
y Vorticity strength 
p Density 
6H Increase in total pressure in the separation region 
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3.0 DESCRIPTION OF COMPUTATIONAL MODELS AND PROGRAMS 
3.1 Multi-Component Airfoil (MCARF) Program 
In this section, a brief description of a computerized 
analytical model and the computer program (Ref. 1) which 
predicts the performance characteristics of the multi-element 
airfoil in attached, subsonic viscous flow are presented. The 
model computes the viscous pressure distributions, lift and 
moments, and boundary layer properties on each element of an 
arbitrarily arranged slotted airfoil. The final viscous solu-
tion is obtained by an iterative technique which combines an 
inviscid solution with the boundary layer displacement thick-
ness. The surface of each element is approximated as a closed 
polygon with segments represented by distributed vortex singu-
larities. The boundary layer solution is comprised of m,athe-
matical ~odels representing state-of-the-art technology for 
laminar, transition, and turbulent boundary layers. An addi-
tional boundary layer model has been incorporated to compute 
the characteristics of a confluent boundary layer which re-
flects the merging of the upper-surface boundary layer with 
the slot efflux. 
3.1.1 Program Operation and Capabilities 
The airfoil program is composed of three main parts: 
(1) geometry specification; (2) potential flow; and (3) bound-
ary layer. After data input and geometry specification, the 
program enters an iterative cycle which involves the determina-
tion of the interrelationship between the potential flow and 
the boundary layer. After each iteration, a convergence check 
is made which consists of a simple comparison of the comoutp.d 
lift coefficients. Experience has shown five iterations are 
necessary to obtain a converged solution. This rapid convergence 
c~n be attributed to the iterative technique in which the phyaical 
geometry of the airfoil at each iteration is modified taking 
into account boundary layer thickness computed from the previous 
iteration. 
The program input is kept as simple as possible to make it 
more user oriented. The coordinates of each element of a 
multi-element airfoil can be input with respect to a separate 
coordinate system and are easily positioned relative to other 
elements by specifying the pivot location and deflection of 
the element. The boundary layer transition (laminar to tur-
bulent) location can be input as either fixed or free. The 
total number of calculation points at which the pressures are 
4 
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desired can be inp
ut. During a sing
le machine pass, th
e angle 
of attack and Mach 
number can be varie
d for a constant R
eynolds 
number, Prandtl num
ber, and stagnation
 temperature. The 
Karman-
Tsien pressure law
 is employed to rep
resent the compre
ssibility 
effects. The lami
nar and turbulent b
oundary layer routi
nes contain 
methods to predict 
boundary layer sep
aration but do not 
contain 
methods to model the
 flow after separa
tion. Therefore, t
he angle of 
attack should be li
mited to that prod
ucing attached flow
s only. 
3.1.2 Program The
ory 
Potential Flow Sol
ution 
The program uses a
 singularity distri
bution method of 
Cellerrs (Ref. 6), whic
h employs stream f
unctions. The stre
run 
functions for a u
nifo~ free stream
 plus that of the 
vortex 
sheet is to be a co
nstant on the airfo
il surface. This c
ondi-
tion is represented
 mathematically by 
the Fredholm integ
ral 
equation 
.. + l. f·t~ (F.l In [r (0,0] dF. 
o 
= Uoox(s) cos (~) - Uooz(s
} sin (~) 
(3.1) 
where ~ is the unkn
own stream functio
n constant, r(s,~} 
is the 
distance between tw
o points on the ai
rfoil surface, xes) and
 
z(s) are coordinates of
 a point on the su
rface, and y(~) is 
vortex strength at
 a point. By divid
ing the surface int
o N 
segments and "assum
ing constant vortex
 strength for each
 segment 
5 
Equation (3.2) becomes 
w - A .. y. = U [xl.' cos (a) - z. sin 
(a)] 
l.J J ~ l. 
(3.2) 
where the influence coefficient, Ai
j is the velocity induced at 
the jth segment due to a unit vorticity at the
 ith segment. By 
specifying a control point at the m
idpoint. of each segment, the 
influence coefficient becomes an an
alytic expression. To de-
termine the vortex strength (y) at the in
tersection of two seg-
ments, the following interpolation 
formula is used. 
(3.3) 
For this method, an additional equa
tion is needed to obtain 
an N by N system of equations. (The unknown
s are N-I number of 
y's and w). A special Kutta condition is used to reduce t
he 
oscillations of the vortex strength
s caused by a too close spac-
ing near the trailing edge. This K~
tta condition simply re-
quires that the vortex strengths, (y), vary 
quadratically for 
the last four segment corners near 
the upper and lower surface 
of the trailing edge and that at the
 trailing edge 
= - (y ) 
N u 
(3.4) 
Oeller's method combined with this n
ew Kutta condition 
provided convergent solutions even f
or cusp-edged as well as 
supercritical airfoils. 
Boundary Layer Solution 
The pressure coefficients computed i
n the potential flow 
portion of the airfoil program are c
orrected to account for com-
pressibility with the Karman-Tsien c
orrection law. Using the 
isentropic flow relations, the loca
l Mach number is computed 
6 
and input to the boundary layer portion of the program. The 
boundary layer consists of an ordinary boundary layer and a 
confluent boundary layer. The ordinary boundary layer is 
composed of laminar, transition, and turbulent regions. The 
confluent boundary layer model was developed by Goradia (Ref. 
7) and is one of the unique features of this program. 
A-flat-plate boundary layer analysis is performed on each 
surface of an airfoil element, and the leading-edge stagnation 
point is the plate leading edge. An in~tial laminar boundary 
layer region exists from the stagnation puint to the point of 
transition from laminar to turbulent. The laminar boundary 
layer model used is the method of Cohen and Reshotko (Ref. 8). 
After computing the laminar boundary layer characteristics at 
a discrete point, routine BLTRAN is called to check for tran-
sition and, if transition has occurred, to check for the forma-
tion of a long or short transition bubble and for laminar stall. 
An initial check is made to determine if the laminar boundary 
layer is stable or unstable based on the instability criterion 
established by Schlicting and Ulrich (Ref. 9). If the boundary 
layer is unstable, a transition check is made based on an em-
pricially derived transition prediction curve. If transition 
has occurred, the initial quantities needed to start the tur-
bulent calculations are computed. If transition has not oc-
curred, the formation of either a long bubble with correspond-
ing laminar stall or a short bubble with corresponding reattach-
ment is obtained. The user can input a fixed transition loca-
tion and a check will be made at the beginning of BLTRAN to 
determine whether or not the fixed location has been reached. 
After computing the transition location and the correspond-
ing initial boundary layer properties, the turbulent boundary 
layer calculations are made using the modified Truckenbrodt method 
(R~f. 10). If a slot exit plane is reached during the turbulent 
boundary layer. computations, the confluent boundary layer compu-
tation is initiated. The confluent boundary layer is a result 
of the mixing between the slot efflux and the wake from the 
forward element, and can exist from the slot exit to the trail-
ing edge of the element, depending upon the pressure distribu-
tion. The confluent boundary layer formulated by Goradia (Ref. 7) 
is based on the assumption that the merging of the fore and aft 
element boundary layers will have "similar" velocity profiles 
if nondimensionalized in a way analogous to that for a free jet 
flow. 
7 
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Equivalent Airfoil Geom
etry 
The airfoil program uses
 an iterative porcedur.e 
to obtain 
the viscous solution and
 the basic steps are as 
follows. 
(1) Compute a potential flow s
olution for the basic 
airfoil. 
(2) Compute boundary layer pro
perties based on the pot
en-
tial flow solution. 
(3) Modify the ~irZoil camber 
and thickness distributio
ns 
using the boundary layer
 displacement thickness.
 
(4) Compute the aerodynamic pe
rfo~ance coefficients. 
(5) Repeat steps (1) through (
4) until convergenca of the 
performance coefficients
 is obtained. 
In the present version o
f the program, another o
ption in 
which the viscous effect
s ar~ taken into accoun
t with the ap-
propriate source distrib
utions to represent the 
boundary layer 
thickness is available. 
This option, if used, do
es not involve 
the computation of equiv
alent airfoil geometry. 
3.2 CLMAX Program 
In this section a method
 for calculating the flow
 about 
airfoils up to and beyon
d the ntall is described
. It is an 
iterative procedure betw
een potential flow and b
oundary layer 
solutions. The separati
on region is modeled in
 the potential 
flow analysis using free
 vortex sheets which req
uire an inner 
iteration to estalish th
eir shapes. 
3.2.1 Description of th
e Flow Model 
A flow field with separat
ic.':; is shown in Figure 
1. Several 
regions are identifiable
. 
Region 1: The Potential
 Flow Region 
The region exterior to t
he boundary layer and se
parated 
wake is almost precisely
 irrotational since the 
shear is every-
where so low that viscou
s stresses impart a neg
ligible rotation 
to the fluid. 
8 
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Region 1 - potential Flow Region 
Region 2 - Boundary Layer 
Region 3 - Free shear Layer 
Region 4 - Wake 
./ 
Region 1 
vortex Sheet 
Representing 
Boundary Layer 
FIGURE 1. MATHEMATICl'.L FLOW MODEL 
•. _ .• --_ •. _· ... ·-... __ ..... ~-~-,-~--.-.. ~r".,.f''!'I;;¥a. 
vortex Sheets 
Representing 
Free-Shear Layers 
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Region 2: The Boundary L
ayer 
The thin region next to 
the airfoil surface has 
high shear, 
and hence, viscous stress
es which create signific
ant vorticity. 
Region 3: The Free Shea
r Layer 
The thin flow region fed 
by the separating bounda
ry layer 
has rotation, but only m
oderate shear. The vorti
city transport 
is predominantly by conv
ection, although diffusio
n is not in-
significant. 
Region 4: The Wake 
The wake between the two 
"'~Ied boundary layers is a
 region 
with low vorticity and in
significant viscouf:) stresses. 
Basic Assumptions 
An approximate model of 
the flow is defined by th
ese 
assumptions. 
(1) The boundary layer and free
 shear layers do not hav
e 
significant thickness an
d, hence, can be represen
ted 
as slip surfaces; that i
s, streamlines across wh
ich 
there exists a jump in velocity.
 
(2) The wake does not have sig
nificant vorticity and ha
s 
constant total pressure.
 It is, therefore, take
n to 
be a potential flow regio
n. 
The flow field car be co
nstructed by adding to the
 uniform 
stream the Go-called "ind
uced" velocities associa
ted with a 
vorticity distribution w
ith a strength equal to t
he curl of 
the velocity field. To a
pply this method, the flo
w must be 
defined everywhere. The 
velocity will be zero eve
rywhere in-
side the airfoil surface.
 Figure I shows the res
ulting flow 
which is everywhere irro
tational except along sh
eets where the 
boundary layer and free s
hear layers have been sq\
'eezed to zero 
thickness. 
The mathematical problem
 is to find the vorticity
 sheet 
strength such that the a
ppropriate boundary cond
itions are met. 
The position of the vort
icity sheet representing 
the free shear 
layer is not known a pri
ori. 
10 
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Boundary Conditions 
The boundary condition for the airfoil surface is flow 
tangency or 
(3.5) 
where ~ = unit normal vector, and V is the total vorticity 
vector. 
When allowing the boundary layer displacement effect, the 
right side of this equation will be non-zero. 
The free vorticity sheets are located on streamlines and 
there is no static pressure drop across them. 
Approximations for the Free Shear Layer 
(1) Wake Shape 
Initially, the streamlines are not known anu so the shapes 
of free shear layers must be obtained iteratively, starting 
from an initial assumption. Earlier calculations in which the 
vortex sheet shapes were obtained by iteration suggested the 
initial shape shown in Figure 2, which is incorporated as the 
basic wake in the program. The upper and lower sheets are 
represented by parabolic curves passing from the separation 
points cornmon to a point downstream. The slope at the up-
stream end is the mean between the free stream direction and 
the local surface slope. The cornmon point downstream is posi-
tioned on the mean wake line, distance WL downstream from the 
wake midpoint (Figure 2). 
(2) Wake Length 
Early calculations indicated that the results were sensi-
tive to the length of the free vortex sheets. Good correlation 
with experimental results was obtained only with relatively 
short wakes: i.e., wakes extending D.lc to O.2c beyond the 
trailing edge. Several ways of defining the wake length, WL, 
have been investigated for a number of different airfoils. The 
final model adopted is based on a "fineness ratio" of the wake: 
Le., WL is obtained by multiplying the "height" of the wake 
(Figure 2) by the wake fineness ratio, WF. 
11 
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(3) Wake Pressure 
The approximat.ioT'l of t~ static pressure drop across the 
free shear layer is used to obtain an expression for the total 
pressure in the wake in terms of the strength of the free vor-
tex sheets. Considering the upper shear layer, if the average 
velocity in the layer is denoted by 
(3.6) 
then 
Vouter = V + YU/2, and 
since the vorticity, Yu = Vouter - Vinner' on the upper sheet. 
(The vorticity in the lower shear layer is YL = V. - V t .} l.nner ou er 
The jump in total pressure across the shear layer is then 
6H = H. - H l.nner outer 
= 
I Pinner + ~p ( V - Yu/2 ) 
2. 1 
1 I 
- \ Pouter + ~p (V + Yu/2) 2. \ 
= - pVY = pVYL 
(3.7) 
u 
given the boundary condition that the static pressure, p, has 
no jump in value across the sh~ar layer. 
Since the wake has constant total pressure (assumption (2)), 
the jump in total pressure across the free shear layer is the 
same everywhere. 
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3.2.2 Potential Flow Solution 
The joundary condition of flow tangency on the airfoil 
surface gives the integral equation: 
f }:Y (s)ds + YL 
C 
f Kds ) + "co (3.8) 
u 
where the constant value of the strength of the lower free vor-
ticity sheet is used and where the kernel function, K, is the + 
normal velocity component (at the boundary point for which V • n 
is being enforced) due to a unit point vortex at the point as-
sociated with the element, as, of the line of integration, and 
where the integraton paths, C, 1 and U, are the ·airfoil and the 
lower and upper free vortex sheet locations, respectively. The 
unknowns are the vorticity strengths on the curve, C, and on 
the free sheets represented by yes) and YL, respectively. The 
former is a function of position on the airfoil, and the latter 
is a constant. 
The right-hand side of Eqn. (3.8), VN, is zero for the 
initial potential flow solution. Following a boundary layer 
analysis, however, the displacement effect is represented by 
a piecewise constant source distribution: VN then becomes the 
integrated normal velocity induced by the boundary layer source 
distribution. 
Numerical Solution 
The airfoil contour is represented by an inscribed polygon, 
Figure 3. The individual panels representing the polygon each 
have a linear variation of vorticity across it. Th9 free vor-
tex sheets are represented by a number of panels of uniform 
vorticity. The value of the vorticity at the start of the ith 
panel is denoted by Yi. Thus the function, y(s), in Eqn. (3.9) 
can be expressed in terms of the unknown sequence, {Yi}, and 
the integral equations in the unknown function, y(s), become 
algebraic equations in the unknowns, {Yi}. Initially there are 
N+l unknown Yi values (for N panels), but the auxiliary condi-
tions remove two unknowns: 
--at the upper surface separation point, Ysep = - YL 
(YL being the value at the lower separat
ion point) , 
--and YN+l = O. 
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Also, the y value just downstream of the separation point on 
the upper surface is set to zero. Thus, there are N-l unknown 
Yi values. Enforcing the surface boundary condition (Eqn. (3.9» 
at the panel midpoints (control points) gives N equations. 
A square set of algebraic equations is obtained by introducing 
one unknown source strength distributed uniformly around the 
airfoil surface. Being linear in the unknowns, the equations 
are amenable to s0lution. 
Calculation of Pressures 
Having found the vorticity, the velocity at any point in 
the flow field can be evaluated by adding to the free stream 
the velocities induced by the vorticity and source distributions. 
The pressures are calculated from the velocities according to 
the Bernoulli equation which is expressed non-dimensionally as 
(3.10 ) 
p - p 
where Cp = = I q = ~pV 2, and 6H = increase in 
total pres-
q= = 00 
sure over that at infinity. Note that 6H = 0 everywhere except 
in the wake region for which it was' previously shown (Eqn. (3.8» 
that 6H = PVYL. 
3.2.3 Structure of the Iterative Procedure 
Figure 4 shows an outline of the method which has two 
iterative loops. 
(1) Wake Shape Iteration 
The iteration loop for wake shape is the inner loop and 
involves the potential flow analysis only. Although the vor-
ticity is assumed to be a constant in the wake region, the 
free vortex sheets in the wake are divided into a number of 
panels to facilitate the computation of aerodynamic influence 
coefficients. The separation points within this iteration loop 
are fixed. The separation points may be located anywhere on a 
surface panel; they are not restricted to panel edge points. 
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The wake shape is calculated as follows. Using the previous 
vorticity distribution, velocities are calculated at the panel 
midpoints on the free vortex sheets. The computed velocity dis-
tribution is then used to arrive at the new wake shape by re-
orienting the wake panels in such a way they are tangential to 
the local flow directions, starting from the'separation points. 
Th~ upper and lower sheet downstream end points, which 
were coincident in the initial wake, are allowed to move in-
dependently in subsequent iterations. At each iteration, the 
wake influence coefficients at the surface control points are 
recalculated, and a new potential flow solution is obtained. 
(2) v~scous/Potential Flow Iteration 
This outer iteration loop takes the potential flow pres-
sure distribution over to the boundary layer analysis and re-
turns with the separation points and with the boundary layer 
source distribution. The source distribution is determined 
directly from the boundary layer solution as 
d 
a = - (U 0*) ds e 
where U is the streamwise potential flow velocity at the edge 
of the Eoundary layer, and 0* is the displacement thickness. 
The addition of this source distribution modifies the normal 
velocity, VN (Eqn. (3.8», at each panel control point. The 
sources are set to zero in the separated region. 
The program generates a new wake shape using the,new 
separation points together with information from the previous 
iterated wake. A new potential flow solution is then obtained, 
and so on. The outer iteration is terminated when the change 
in C~ is below 1%. A limit of twelve iterations is currently 
imposed within the program. 
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4.0 MODIFICATION OF MCARF WITH SEPA
RATION FLOW MODEL (MCARFM) 
The primary objective of the present work is to
 modify the 
MCARF program to accept the CLMAX fr
ee vortex sheet separation 
model. In this section, a descripti
on of this modification is 
presented. 
For the present study, the program i
s capable of analyzing 
a multi-component configuration wit
h separation only on one of the 
components, the trailing component.
 The major task of the present 
investigation involves the developm
ent of two iteration loops to 
incorporate the separation model in 
MCARF. The inner (wake) 
iteration loop for the potential flo
w relaxes the wake shape for 
a prescribed separation position, w
hile the outer (viscous/ 
potential flow) iteration loop predicts the 
separation point 
location and the displacement thickn
ess distribution from the 
boundary layer analysis for each of 
the components. The concept 
of displacement thickness is used to
 represent the effect of the 
various viscous layers on the outer
 potential flow. In MCARF, 
the viscous effects of the boundary 
layer are simulated in the 
potential flow calculation by one o
f the following two options. 
In the first option (IPOT = 0), the displace
ment thickness is 
combined with the airfoil geometry t
o arrive at an equivalent 
airfoil geometry after each viscous
/potential flow iteration. 
In the second option (IPOT = 1), instead of 
adding the displace-
ment thickness to the airfoil geom
etry, a distribution of sources 
along the airfoil surface is utilize
d for the simulation of the 
viscous flow displacement effects. 
This is the so-called surface 
transpiration method which, within t
he framework of thin boundary 
layer theory, is completely equival
ent to the method of adding 
geometrically the displacement thick
ness to the basic airfoil 
geometry. In the present investiga
tion, the second option is 
used as it is convenient to adopt th
e separation flow model into 
MCARF. 
4.1 Development of Separation Flow 
Model 
The major code changes to model the separation
 flow model 
involve the modification of subrouti
ne, POTVL, the potential 
flow solution routine in HCARF (Overlay 2) . 
For the present 
investigation, the model is restrict
ed to either a single com-
ponent airfoil or to a mUlti-compon
ent airfoil with separation 
restricted to the trailing componen
t only. The separation 
location over the upper surface (trailing co
mponent)' is predicted 
from the boundary layer analysis, st
arting with the pressure 
distribution computed from the pote
ntial flow (attached or 
separated) solution in the previous iteratio
n. It is assumed 
that the separation at the lower su
rface always occurs at the 
trailing-edge of the airfoil. 
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Initially, the streamlines are not known and so the shapes 
of the upper and lower surface free vortex sheets are represented 
by parabolic curves passing from the separation points to a 
common point downstream. The slope at the upstream end is the 
mean between the free stream direction and the local surface 
slope. The common point downstream is positioned on the mean 
wake line, distance WL downstream from the wake midpoint (Figure 
2). The wake length is obtained by multiplying the height of the 
wake by the wake fineness ratio, WF, which is a function of air-
foil section. For any given airfoil, a proper choice of WF can 
be input utilizing the experience gained while developing theNfi 
CLMAX program. (See Appendix) 
4.2 Potential Flow Solution 
For the airfoil with separation, the potential flow solution 
is obtain~d using the singularity distribution method of Oellers. 
The governing flow equation (3.2), and the details of the method 
were presented in Section 3.0. The ai:foil surface is divided 
into N segments over each Jf which the vortex strength is assumed 
to be a constant. The free vortex sheets .(separation region) 
are represented by a number of segments (NSEPWK) of uniform 
vorticity, the value of which at the upper surface separation 
point, Ysep = -Y t , with \ as the
 value at the lower separation 
point. Sources are distributed along the airfoil surface to 
represent the displacement effect of the boundary layer. The 
stream function of the flow field includes the contribution of 
this source sheet. 
In MCARF, the panel information, the coordinates of segment 
boundaries and midpoints, etc., are computed in routine AIRGM 
(Overlay 1). For a given airfoil the same panel information is 
used throughout the complete viscous/potential flow iterative 
scheme for an attached flow case. However, for a separated 
flow case, the separation point location where the upper surface 
vortex sheet leaves the airfoil surface is an arbitrary parameter 
which varies from one viscous/potential flow iteration to another 
iteration. In order to eliminate any flow distortions due to 
the presence of this upper separation point near the midpoint of 
any panel where the flow boundary conditions are satisfied, the 
region near the separation is repaneled in such a way that the 
upper surface separation point always coincides with a panel 
boundary. Also, the geometry of 3 panels on either side of the 
separation point is adjusted in such a way that they are uniformly 
spaced. This repaneling scheme is a temporary arrangement at 
each of the viscous/potential flow iterations, and the changed 
panel geometry is replaced with the original panel geometry 
before proceeding to the next iteration. 
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For the separation flow model, the m
odified Kutta condition 
(Eqn. (3.5» of MCARF is replaced with the s
eparation wake con-
dition, Ysep = -Y~, an
d it is assumed that Y varies quadr
atically 
for the last four segment corners n
ear the upper surface separa-
tion point and the lower surface tra
iling edge of the airfoil. 
Hence, the uniform vorticity (y ) i
n the separation region is 
sep 
not an additional unknown in the sys
tem of equations consisting 
of N+l unknown values of yls (N) and~. Ad
ditionally, in the 
separation region, y values just downstream of
 the separation 
point and at the upper surface trail
ing edge of the airfoil are 
assumed to be zero (see Figure J). 
In the present version of f.1CARF, the
 boundary conditions are 
satisfied by taking the difference b
etween the stream function 
values at N-l set of two adjacent segment midp
oints, thereby 
eliminating the unknown value of str
eam function from the solution 
set. Hence for the attached flow ca
se, the N-l boundary conditions 
combined with the Kutta condition yi
eld a consistent set of N 
equations with N unknown values of 
yls on the N segments of the 
airfoil surface. For the separated 
flow case, a similar com-
putational procedure is adopted with
 the following exceptions. 
The Kutta condition is satisfied for
 the separation wake region 
as discussed earlier in this section
. The vorticity values on 
the downstream segment following the
 separation point and the 
trailing-edge segment on the upper s
urface are assumed to be zero. 
Hence two additional equations are e
liminated from the original 
set of N equations to arrive at a c
onsistent set of N-2 equations 
with N-2 unknown values of vorticit
y. As dis~ussed earlier, 
Ysep is not an additional unknown an
d is expressed as a function 
of the y values at the four segment
s preceding the separation 
point. The pressure distribution in
 the separation region is 
computed using Eqn. (3.10). 
4.3 Structure of the Iterative Sche
me 
The iterative scheme adopted in the 
present development is 
'very similar to that of the CLMAX pr
ogram (Figure 4), with a 
few exceptions. In the CLMAX progra
m, it was assumed that a 
solution is converged at the iterati
on when Ce changes 
less 
than 1% from the value at the previo
us iteration; however, the 
maximum number of iterations (ITRMAX) are li
mited to 8 due to 
the storage and data transfer limita
tions in the program. In 
the present program, ITRMAX can be i
nput by the user, and it can 
be as high as any convergence criter
ion demands. In the original 
MCARF program, ITRMAX is assumed to 
be 10 with an additional 
restriction that the solution is ass
umed to be converged when Ci 
i~ within 0.005 from the C obtained
 in the previous iteration. 
Computations on several si~gle and multi-element airfo
il cases 
resulted in converged solutions afte
r as few as 5 iterations. 
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4.3.1 Wake Shape (Inne
r) Iteration 
The iterative loop
 for wake shape is
 the inner loop w
hich 
involves the poten
tial flow solution
 only. Within thi
s loop, 
the upper surface 
separation point, 
which was computed
 from the 
boundary layer sol
ution of the previ
ouG iteration, is
 fixed. 
Initially, the upp
er and lower verte
x sheets are repre
sented 
by parabol~c curves
 and a potential f
low solution is o
btained 
as described earli
er in this section
. The upper and l
ower vortex 
sheets are divided
 into an equal num
ber of panels (NSEPWK)
. 
NSEPWK is an input
 parameter and the
 suggested value f
or it is 
equal to or greate
r than the number 
of panels in the s
eparation 
region over the u
pper surface of th
e airfoil. In the
 present 
program, NSEPWK is
 a single independ
ent parameter; how
ever, it 
can easily be mod
ified into a variab
le parameter which
 is a 
function of the an
gle of attack. 
A schematic of the
 wake iteration lo
op is presented in
 
Figure 5. The wak
e shape is calcula
te~ as follows. U
sing the 
previous vorticity
 distribution, vel
ocities are calcul
ated at 
the panel midpoint
s on the free vort
ex sheets. The ne
w wake 
shape is then dete
rmined by piecewis
e integraticn, sta
rting at 
the separation po
ints. The upper a
nd lower sheet dow
nstr.eam end 
points, which were
 coincident in the
 initial wake, are
 allowed 
to move independen
tly in subsequent i
terations. At eac
h 
iteration, the wak
e influence coeffi
cients at the surf
ace control 
points are recalcu
la~ed, and a new p
otential flow solu
tion is 
obtained. 
The maximum nwnber
 of iterations (TTRtvHX
) is an input 
parameter. Testin
g of several cases
 at different poin
ts of 
separation on a GA
(W)-l airfoil indicated
 that a maximum of
 three 
iterations is adeq
uate to obtain a c
onverged wake shap
e. Figure 
6 presents iterated
 wake shapes on a 
GA(W)-l airfoil at a f
ixed 
separation point (x/c 
= 0.5), and as can be 
seen, the wake 
shape is converged
 after only two it
erations. In the
 present 
program, ITRWMX is
 fixed at 3; howev
er, the user can c
hange it 
if needed. 
4.3.2 Viscous/Po
tential Flow (Outer) It
eration 
The outer iteratio
n loop takes the p
otential flow over
 
to the boundary la
yer analysis and r
eturns with the G
eparation 
point over the upp
er surface of the 
last component and
 the ~oundary 
layer source distri
bution. Turbulen
t bound8ry layer a
nalysis 
is performed using
 an incompressible
 integral method o
f Truckenbrodt 
(Ref. 10). In the pre
sent version of MC
ARF, the flow is a
ssumed 
to separate at the
 location where th
e boundary layer s
hape factor 
(H) value exceeds HSEP
. This is at best
 an engineering ap
proxima-
tion. In a later 
version of MCARF a
 more reliable sep
aration 
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criterion of Nash and Hicks (Ref. 11) was :~
ncorporated in sub-
routine TURB and it should be fairly
 simple to add·this routine 
into the present MCARF program with 
the separation flow model. 
For the present investigation, the 
separation criterion of 
Truckenbrodt is used and an optimum 
value for HSEP is arrived at 
after an investigation of several t
est cases. 
In the surface transpiration method 
adopted in the present 
investigation, a distribution of sou
rces simulates the displace-
ment effect of the viscous layers. 
The strength cr of this 
equivalent source is calculated from
 
(4.1) 
where p is density, V is the veloci
ty, s is the coordinate along 
the airfoil surface, 6* is the displ
acement thickness, and e and 
ro refer to local and free-stream co
nditions, respectively. The 
local conditions are at the outer ed
ge of the boundary layer. 
The addition of this source distribu
tion modifies the normal 
velocity, VN, at each
 control point. The sources are se
t to zero 
in the separation region. 
The outer iteration scheme starts w
ith the attached flow 
solution, the boundary layer analys
is of which yields the upper 
surface sepa~ation point location a
nd the boundary layer source 
distribution. Using this informatio
n, an initial wake shape 
is defined and the inner iteration p
r~cedure is followed to obtain 
the relaxed wake shape and the pote
ntial flow solution with 
separated wake. The boundary layer 
analysis for the separated 
flow yields a new set of the separat
ion location and the boundary 
layer source distribution. This vis
cous/potential flow iterative 
process is repeated until a converge
nt solution is obtained. 
Figure 7 shows the history of the s
eparation point and lift 
coefficient of a GA(W)-l airfoil at an angle
 of attack of 19.06°. 
This demonstrates a good convergence
 characteristics of the present 
model. 
4.4 Discussion of Some Problems/So
lutions 
During the course of the present in
vestigation, a major 
difficulty was encountered. While t
rying several viscous/ 
potential flow iterations, it was di
scovered that the separation 
location over the upper surface con
tinued to move towards the 
leading edge monotonically. A close
 look at the velocity distri-
bution revealed that the velocity gr
adients and the shape factor, 
H, increased rather rapidly at the t
hree panels forward of the 
separation region, which results in
 the prediction of the separ-
ation location always forward of the
 separation location from 
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the previous iteration, where the separated wake starts. It 
was first thought that this might be due to the present Kutta 
condition, which assumes that the vortex strengths vary quadra-
tically for the last four segment corners near the upper surface 
location and the lower surfac~ of the trailing edge and that the 
vortex strength in the separation wake, y = -y ~, the vortex sepu sep.(.. 
strength at the lower surface trailing edge. Several other 
alternate Kutta conditions such as linear variation of vortex 
strength for the last two segment corners and constant vortex 
strength at the last segment near the upper surface separation 
location c.~ld the lower surface of the trailing edge were tried. 
These conditions alleviated the problem of steep rise in velocity 
gradients near the separation region somewhat, but did not elim-
inate it completely. Based on this investigation, it was con-
cluded that this problem of rapid increase of velocity gradients 
may be due to the potential flow singularity model and the 
procedure adopted in the formulation of the aerodynamic matrix 
in MCARF.In MCARF, the tangential flow boundary conditions 
are satisfied by formulating a set of equations between pairs 
of two adjacent segment midpoint5, thereby eliminating the unknown 
stream function value over the surface. While the model proved 
to be very effective fer attached flows, it may require some 
modification for the proper handling of the separated flow and 
a more detailed and thorough investigation is needed to conclude 
whether it is indeed the problem. 
In view of the time limitation in the present investigation, 
the problem of rapid increase of velocity gradients near the 
separation region and, hence, the continued shift of separation 
towards the leading edge of the airfoil, is solved by modifying 
the velocity distribution at the last two segments ahead of the 
separation region such that the gradients remain constant and 
are equal to the gradient at the third segment ahead of the 
separation region. This approach allowed the separation location 
to move forward as well as aft as the viscous/potential flow 
iterations progress in a physically consistent way. Admittedly, 
this modification is not justified on a purely scientific basis, 
but it is felt that it is a good engineering approximation, 
expecially supported by the experience gained while developing 
thp. AMI CLMAX program. 
In the MCARF program, HSEP, the value of the boundary layer 
shape factor at which the flow separates, was assumed to be 1.8. 
In the present investigation, several separated flow cas~s (high 
angles of attack) were investigated varying the value of HSEP 
between 1.8 and 2.0 and it was concluded that the optimum value 
for HSEP = 1.85 based on the correlation between the computed 
and test results. 
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As discussed earlier in this section
, the MCARF program has 
two ~ptions available for simulating
 the viscous effects. In the 
first option (IPOT = 0), the boundary layer 
displacement thickness 
is used to arrive at an equivalent a
irfoil geometry after each 
viscous/potential flow iteration. I
n the second option (IPOT = 1), 
the viscous effects are simulated by
 adding an appropriate source 
distribution along the airfoil surfa
ce. For the present separa-
tion flow modific:tion, the second o
tpion is used. However, 
during the course of the present inv
estigation, it was discovered 
that MCARF uses the first option on
ly and the second option was 
not completely checked out. In fac
t, for a few cases investigated, 
it was found that the second option 
yielded substantially larger 
C1 values for 
attached flows, while the results us
ing the first 
option correlated well with the expe
riment. This discrepancy 
may be attributed to one or both of 
the following reasons: (i) 
the maximum allowable source strengt
hs may be low; (ii) an-
inadequate representation of wake ce
nterlines in the presence 
of the source distribution. This pr
oblem does not present any 
difficulty for separated flow, since
 the boundary layer calcula-
tion is terminated at the separation
 location and the source 
strengths are assumed to be zero in 
the separation region. Hence 
it is suggested to use option I for 
low angles of attack (with 
no separation), while it is required to use 
option 2 for separated 
flows. The appropriate changes are
 made in the present program 
(MCARFM) to incorporate this particular opti
on. 
5.0 DISCUSSION OF RESULTS 
The method was applied to a single c
omponent GA(W)-l and 
NACA 4412 airfoils. GA(W)-l airfoil shape r
epresents a difficult 
test case and pressure distributions
 are available from experi-
ments at NASA-Langley for a range o
f angles of attack. 
The first set of results, Figures 8
-11, are for a GA(W}-l 
airfoil at a Reynolds number of 6.3 
x 106 . Figure 8 shows a 
very good agreement between the calc
ulated and experimental 
pressure distributions at a = 19.06°
 (which corresponds 
approximately to C£max). The calculation to
ok ten viscous/ 
potential flow iterations. The his
tory of separation and lift 
coefficient for this case, which is
 shown in Figure 7, indicates 
a good convergence characteristic. 
Figure 9 compares the cal-
culated and experimental pressure di
stributions at a = 20.05°, 
which is just beyond the stall. Once again, t
here is good 
agreement. Figure 10 compares the c
alculated and experimental 
pressure distributions at a = 21.14°
. The comparison is not as 
good as the other cases because the 
predicted separation point 
has not reached the experimental val
ue at about O.lc. The rate 
of forward movement of the calculate
d separation point with 
21.14° is slow. The sudden forward 
movement of the separation 
point in the experiment in just over a degree 
of change in angle 
of attack (compare Figures 9 and 10) is diff
icult to predict 
in this case. 28 
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FIGURE 8. COMPARISON OF CALCULA
TED AND EXPERIMENTAL PRESSURE 
DISTRIBUTION ON A GA(W)-l AIRFOIL (a = 19.060 , Re = 6.3 x 10 6 , and M = 0.15) 
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FIGURE 9. COMPARISON OF CALCULAT
ED AND EXPERIMENTAL PRESSURE 
DISTRIBUTIONoON A GA(W)-l AIRFOIL 
(a = 20.05 , Re = 6.3 x 10
6
, and M = 0.15) 
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FIGURE 10. COMPARISON OF CALCULA
TED AND EXPERIMENTAL PRESSURE 
DISTRIBUTIgN ON A GA(W)-1 AIRFOIL 
(0 = 21.14 , Re = 6.3 x 10
6
, and M = 0.15)· 
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FIGURE 11. COMPARISONS OF CALCULATED AND EXPERIMENTAL 
LIFT AND PITCHING MOMENT CHARACTERISTICS FOR 
GA(W}-l AIRFOIL(Re = 6.3 x 10 6 and M = O.lS} 
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FIGURE 12. COMPARISONS OF CALCULATED AND EXPERIMENTAL 
LIFT AND PITCHING MOMENT CHARACTERISTICS FOR 
A GA(W)-l AIRFOIL(Re = 2.1 x 10 6 and M = 0.15) 
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FIGURE 13. COMPARISON OF CALCULATED AND EXPERIMENTAL 
LIFT CHARACTERISTICS FOR A NACA 4412 AIRFOIL 
(Re = 6.3 x 10 6 ) 
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Figures 11 and 12 show the lift and moment chafacteristics 
of the GA(W)-l airfoil at Reynolds numbers 6.3 x 10 and 2.1 
x 106 , respectively. As can be seen from these figures, they 
show good agreement with experiment. Figure 13 shows the lift 
coefficient comparison with experiment (reference 12), for a NACA 
4412 airfoil at Re = 6.3 x 106 • The calculated values agree 
very closely with the experimental values up to COo • .(..max 
In all of the cases- studied under the present investigation, 
the calculated values compare well with the results of the AMI 
CLMAX program. 
6.0 CONCLUSIONS 
The separation flow model incorporated into MCARF has been 
applied to single component airfoils. Calculated pressure 
distributions for angles of attack up to the stall are in close 
agreement with experimental measurements. Even at higher angles 
of attack beyond the stall, correct trends of separation, decrease 
in lift coefficients, and increase in pitching moment coefficients 
are predicted. 
Although the program is designed to handle multi-component 
airfoils with separation at the trailing component only, multi-
component airfoils have not been checked out. It is suggested 
a better separation criterion such as the method of Nash and 
Hicks be incorporated into the model as opposed to the present 
method of Truckenbrodt. 
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APPENDIX: PROGRAM PARAMETERS 
In the present separation flow model, one of the important 
parameters is the wake fineness ratio (WF--see the discussion 
in Section 3.2.1). While developing the AMI CLMAX program, 
a range of airfoil sections and thickness ratios were tested. 
The dependence of WF on airfoil thickness/chord ratio is presented 
in Figure 14. This data is used as a reference guide for the 
present investigation. 
The input parameters and the format for the present program 
(MCARFM) is identical with the input of MCARF with the exception 
of the first card (CAPD A), which is read from the MAIN program 
(Overlay 0). The input variables and the format specification 
on CARD A are presented below. 
CARD A: Separation Flow Variables 
Column 
1-5 
6-10 
11-20 
21-30 
Variable 
NSEPWK 
ITRWMX 
WF 
HSEP 
Description 
Number of panels in the separa-
tion region 
Maximum number of wake shape 
iterations 
Wake fineness ratio 
The value of boundary layer 
shape factor at which the flow 
is assumed to separate 
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Format 
IS 
IS 
F10.O 
FlO .0 
----- ..... --.-... -.- .. -.~ ...... - .............. - .. , ... ~~ 
._ ........ J..~, 
~ -~.~ .~~~,-",; ............. ------....--.-. _. --...... _---_ .. 
q 
:1 
i 
~ 
.. 
~ ~ 
!a 
.§ 
~ 
i 
-
~ .. - . 
~lake length = ~JF x Wake Height (see Figure 2) 
2.6 Helicopter Secti~Q... " 
", 
.... 6~ 4412 
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2.2 ./ 
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FIGURE 14. DEPENDENCE OF WAKE FINENESS RATIO, WF, ON 
AIRFOIL THICKNESS/CHORD RATIO. 
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